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According to the famous Kibble-Zurek mechanism (KZM), the universality of spontaneous defect
generation in continuous phase transitions (CPTs) can be understood by the critical slowing down.
In most CPTs of atomic Bose-Einstein condensates (BECs), the universality of spontaneous de-
fect generations has been explained by the divergent relaxation time associated with the nontrivial
gapless Bogoliubov excitations. However, for atomic BECs in synthetic gauge fields, their sponta-
neous superfluidity breakdown is resulted from the divergent correlation length associated with the
zero Landau critical velocity. Here, by considering an atomic BEC ladder subjected to a synthetic
magnetic field, we reveal that the spontaneous superfluidity breakdown obeys the KZM. The Kibble-
Zurek scalings are derived from the Landau critical velocity which determines the correlation length.
In further, the critical exponents are numerically extracted from the critical spatial-temporal dy-
namics of the bifurcation delay and the spontaneous vortex generation. Our study provides a general
way to explore and understand the spontaneous superfluidity breakdown in CPTs from a single-well
dispersion to a double-well one, such as, BECs in synthetic gauge fields, spin-orbit coupled BECs,
and BECs in shaken optical lattices.
Introduction. Engineered synthetic gauge fields for
neutral atoms [1–8] provide new opportunities to explore
exotic collective quantum phenomena [9–14]. The disper-
sion relation plays an important role in the emergence of
many collective quantum phenomena. Through control-
ling the applied external fields, the dispersion relation
can be tuned from a single-well shape into a double-well
one, such as, spin-orbit coupled quantum gases [15–18],
ultracold atoms in shaken optical lattices [19–21] and
Bose ladders within magnetic fields [22–25]. At the tran-
sition point, due to the interplay between the synthetic
gauge fields and the atom-atom interactions, the Landau
critical velocity vanishes [17, 18, 20] and thus the super-
fluid spontaneously breaks down. Such a spontaneous
superfluidity breakdown is very different from the con-
ventional Landau instability which requires the super-
fluid velocity exceeding a nonzero critical velocity [26–
28]. Although the static phase transitions in synthetic
gauge fields have been extensively studied, the underly-
ing dynamics of phase transitions is still unclear.
The Kibble-Zurek mechanism (KZM) [29–32] describes
the universality of real-time dynamics in continuous
phase transitions. According to the KZM, universal
scalings can be derived by comparing two characteristic
time scales: the reaction time and the transition time.
Not only the dynamics of thermodynamic phase transi-
tions [33–43], but also the dynamics of quantum phase
transitions [21, 44–54] obey the KZM. Due to their high
controllability, atomic Bose-Einstein condensates (BECs)
provide an excellent platform to examine KZM [21, 33–
35, 37–42, 46–54]. Usually, the spontaneous defect gen-
eration are associated with the nontrivial gapless Bogoli-
ubov excitations (such as Higgs modes) and thus the
Kibble-Zurek scalings can be given by comparing the
two characteristic time scales derived from the Bogoli-
ubov excitation gap [46, 49, 50, 54]. However, for atomic
BECs in synthetic gauge fields [1–3, 5–8] whose disper-
sion relations are continuously tuned from a single-well
shape to a double-well one, the spontaneous superfluid-
ity breakdown is resulted from the spontaneous Landau
instability. Two natural questions arise: Does the sponta-
neous superfluidity breakdown obey the KZM? If it obeys
the KZM, can one explore the universal scalings via an-
alyzing the Landau critical velocity?
In this Letter, we explore the universality of spon-
taneous superfluidity breakdown within synthetic gauge
fields. We consider an atomic BEC ladder subjected to
a synthetic magnetic field, which undergoes a continu-
ous transition from a single-well dispersion to a double-
well one. By employing a variational ansatz, we ana-
lytically give the mean-field phase diagram. Due to the
absence of nontrivial gapless Bogoliubov excitations, it
is difficult to give the two characteristic time scales and
the Kibble-Zurek scalings from the Bogoliubov excita-
tion gap. Fortunately, we find that the universal scalings
can be derived from the Landau critical velocity which
determines the correlation length. In particular, the cor-
relation length divergence and the spontaneous super-
2fluidity breakdown are resulted from the zero Landau
critical velocity at the transition point. To extract the
Kibble-Zurek scalings, we numerically simulate the real-
time dynamics of the continuous transition from a single-
well dispersion to a double-well one, in which the ground
state changes from the Meissner phase to the broken sym-
metry phase. Our numerical results show the bifurcation
delay and the spontaneous vortex generation obeys the
KZM. Our study opens a new avenue for exploring and
understanding the universality of spontaneous superfluid-
ity breakdown in various systems, such as, spin-orbit cou-
pled BECs [15–18], BECs in shaken optical lattices [19–
21], and BECs within magnetic fields [22–25].
Model and ground states. We consider an ensem-
ble of Bose condensed atoms in a two-leg ladder sub-
jected to a uniform synthetic magnetic field. The lad-
der potential can be created by a normal standing-wave
along one direction and a bi-frequency standing-wave
along the other direction [22], and the uniform synthetic
magnetic field can be realized by laser-induced tunnel-
ing [1, 3, 5, 6, 8, 9, 11, 12, 22], see Fig. 1(a). The mean-
field Hamiltonian reads as
H =− J
∑
l
(ψ∗l+1,Lψl,L + ψ
∗
l+1,Rψl,R + h.c.)
−K
∑
l
(ψ∗l,Rψl,Le
ilφ + h.c.)
+
g
2
∑
l
(|ψl,L|4 + |ψl,R|4).
(1)
with ψl,σ denoting the order parameters for the site (l, σ)
and σ = {L,R} respectively labelling the {left, right}
legs. Here, J is the intra-leg tunneling, Keilφ is the spa-
tially dependent inter-leg tunneling and φ is the mag-
netic flux per plaquette. The on-site interaction g, which
is proportional to the s-wave scattering length, can be
tuned via Feshbach resonances [55].
The determine the ground states, we implement a vari-
ational procedure based on the ansatz
[
ψl,L
ψl,R
]
=
[
C1 cos θe
i(k− φ
2
)l + C2 sin θe
−i(k+ φ
2
)l
C2 cos θe
i(k+ φ
2
)l + C1 sin θe
−i(k− φ
2
)l
]
,
(2)
with the total atomic number N , the ladder length L,
the complex amplitudes (C1, C2), the quasi-momentum k
and the angle θ (0 ≤ θ ≤ pi2 ). By minimizing the Hamil-
tonian under the normalization condition |C1|2+ |C2|2 =
n¯ = N/L, the variational parameters (C1, C2, k, θ) can
be determined. There are three different ground states:
(I) the vortex phase with {C1 6= C2, k 6= 0, θ = π/4}
for 0 < K/J < Rc1, (II) the biased ladder phase (BLP)
with {C1 6= C2, k 6= 0, θ = 0, π/2} for Rc1 < K/J < Rc2,
and (III) the Meissner phase with {C1 = C2, k = 0} for
K/J > Rc2. The two critical points (R
c
1, R
c
2) have to
be determined numerically, however, the second critical
point can be analytically given as Rc2 =
√
2 − gn¯/2 for
FIG. 1: (a) Schematic diagram for a Bose ladder in a uni-
form magnetic field. Where, J and K are respectively the
intra- and inter-leg tunneling strengthes, g is the interac-
tion strength, and φ is the magnetic flux per plaquette. (b)
The chiral current jc versus the ratio K/J . There are three
typical phases: (I) the vortex phase, (II) the biased ladder
phase (BLP), and (III) the Meissner phase. The thickness
and length of the arrows denote the current strength, which
is normalized to the maximum current for the chosen K/J .
The two dash-dotted lines label the two critical points be-
tween different phases. The dispersion relations ε(k) for three
typical phases are shown in insets. The parameters are chosen
as N = 5× 104, L = 200, J = 1, gn¯/J = 0.2 and φ = π/2.
φ = π/2. Our numerical results show that the phase (II)
disappears if there is no inter-particle interaction, that
is, Rc1 = R
c
2 =
√
2 for g = 0.
To clarify the Meissner-like effect, we calculate the chi-
ral current jc =
1
2L
∑
l
〈
j
||
l,L − j||l,R
〉
, which is defined as
the averaged difference between the local currents along
the two legs j
||
l,σ = iJ
(
ψ∗l+1,σψl,σ − ψ∗l,σψl+1,σ
)
. The
chiral current increases with K/J and then becomes sat-
urated in the Meissner phase. This is analogy to the
Meissner effect in the type-II superconductor [22]. The
ground states and their chiral currents are consistent with
the variational prediction [23], see Fig. 1(b).
The phase transitions are characterized by the changes
in the band structure (dispersion relation) and the chiral
current. The transition between the vortex phase and the
BLP is a first-order phase transition, which corresponds
to a jump in the chiral current jc and the change from
complete to single occupancy of the two band-minima
at finite quasi-momentum ±k. The transition between
the Meissner phase and the BLP is a continuous phase
transition, in which the chiral current jc is continuous
and the lowest band continuously changes from a single-
well shape to a double-well one. Below we concentrate
on discussing the continuous phase transition.
Landau critical velocity and correlation length. In a
continuous phase transition, the critical slowing down
can be understood by the divergence of either the relax-
ation time τr or the correlation length ξ. For our system,
it is difficult to give the relaxation time τr. Below, we
3show how to derive the universal scaling of ξ from the
Landau critical velocity,
vL = min
q
|ω/q| . (3)
Here the Bogoliubov excitation gap ω is a function of the
quasi-momentum q. According to the Landau criterion, if
the superfluid velocity exceeds vL, elementary excitations
appear due to the conservation of energy and momentum.
This indicates that elementary excitation will take place
spontaneously if vL = 0.
To give vL, we implement the Bogoliubov analysis to
obtain the excitation gap ω. We express the perturbed
ground-state as,[
ψl,L(t)
ψl,R(t)
]
=
[
(C1 + δψl,L(t)) e
i(k− φ
2
)l
(C2 + δψl,R(t)) e
i(k+ φ
2
)l
]
e−iµt, (4)
with the perturbation terms
δψl,σ(t) =
∑
q
uq,σe
i(ql−ωt) + v∗q,σe
−i(ql−ωt). (5)
Here, the discrete quasi-momenta are given as q = 2mpiL
with the integers m = {−L/2,−L/2+ 1, · · · , L/2− 1},
and the perturbation amplitudes (uq,σ, vq,σ) are complex
numbers. Inserting the perturbed state into the time-
evolution equation, i∂ψl,σ/∂t = ∂H/∂ψ
∗
l,σ, one can ob-
tain the Bogoliubov-de Gennes (BdG) equation. There-
fore, ω can be obtained by diagonalizing the BdG equa-
tion. At the critical point, K = Kc = J(
√
2− gn¯/2), the
low-energy long-wavelength excitation behaves as
lim
q→0
ω(q) ≈ q2
√
gn¯
2
√
2
. (6)
As ω(q) ∝ |q|z when q → 0 [56–58], we have the dynam-
ical critical exponent z = 2.
In Fig. 2 (a), we show the dependence of vL on K/Kc.
The Landau critical velocity vL gradually decreases to
zero when K → Kc. The notch of vL near K = Kc
originates from the softening phonon mode ω(q) ∝ q2,
which implies |ω(q)/q| → 0 as q → 0 [17]. In particular,
the vanishing critical velocity at the critical point will
result the spontaneous superfluidity breakdown and the
spontaneous elementary excitations.
Usually, the correlation length ξ is defined by
the equality between the kinetic energy per particle
~
2/(2mξ2) and the interaction energy per particle gn¯.
However, the Landau critical velocity vL provides an-
other general definition according to ξ = ~/(mvL), which
is consistent with the usual definition [59]. This means
that, near the critical point, the inverse critical velocity
v−1L scales as
v−1L ∼ ξ ∼ |ǫ|−ν . (7)
In Fig. 2(b), we show the dependence of v−1L on |ǫ| =
|K(t)−Kc| /Kc. Our numerical results show v−1L ∼ |ǫ|−b
FIG. 2: (a) The Landau critical velocity vL versus K/Kc.
Inset: the critical region of the Landau critical velocity. (b)
The inverse critical velocity v−1L versus |ǫ| = |K(t)−Kc| /Kc.
The open triangles and circles correspond to the Meissner
phase and the biased ladder phase, respectively. Here, to
minimize finite-size effects, we choose L = 50000 and the
other parameters as same as the ones for Fig. 1.
with b = 0.4985±0.0172 and 0.4983±0.0160 for the BLP
and the Meissner phase, respectively. This indicates that
the static correlation-length critical exponent ν = 1/2.
Kibble-Zurek scalings. Now we discuss the univer-
sal scalings of the real-time dynamics across the critical
point. To drive the system from the Meissner phase to
the BLP, we quench the tunneling strength K according
to
K(t) = Kc(1− t/τQ) (8)
where τQ is the quench time. In the vicinity of the critical
point, both the relaxation time τr and the correlation
length ξ diverge as
τr ∼ |ǫ|−zν , ξ ∼ |ǫ|−v, (9)
where ǫ(t) = [K(t)−Kc] /Kc is the dimensionless dis-
tance from the critical point and (z, ν) are the critical
exponents. Due to the critical slowing down caused by
the divergent relaxation time, a system driven across its
critical point has no sufficient time to follow its instan-
taneous ground state no matter how slow it is driven.
The Kibble-Zurek scalings can be derived by com-
paring the relaxation time τr and the transition time
τt = |ǫ/ǫ˙| (where ǫ˙ = dǫ/dt). The system evolves adiabat-
ically if τr < τt, otherwise the adiabaticity breaks down.
Defining the freezing time tˆ with τr(tˆ) = τt(tˆ) = |tˆ|, the
two characteristic times change from τr < τt to τr > τt
when the time t changes from |t| > |tˆ| to |t| < |tˆ|. Thus,
at the freezing time tˆ, the dimensionless distance ǫ(tˆ) and
the correlation length ξ(tˆ) exhibit universal power laws,
ǫˆ = ǫ(tˆ) ∼ τ−1/(1+zν)Q , ξˆ = ξ(tˆ) ∼ τν/(1+zν)Q , (10)
with respect to τQ. After the system is driven through
the critical point, distant parts of the system choose to
4break the symmetry randomly and defects (discrete vor-
tices) are spontaneously created. The total number of
generated vortices scales as
Nv ∼ ξˆ−d ∼ τ−dν/(1+zν)Q , (11)
with d the dimension of the system.
Numerical scalings. Below we show how to numer-
ically extract the Kibble-Zurek scalings from the real-
time dynamics. According to the time-evolution equa-
tion i∂ψl,σ/∂t = ∂H/∂ψ
∗
l,σ, we simulate the quenching
process [K(t) = Kc(1 − t/τQ)] for different τQ. When
the time increases from t < 0 to t > 0, the system goes
from the Meissner phase into the BLP. In our simula-
tion, the parameters are chosen as N = 5×104, L = 200,
J = 1, φ = π/2 and gn¯ = 0.2. For each τQ, we per-
form 150 runs of simulations under random initial fluc-
tuations. In a single run, we calculate the bifurcation
delay bd = |K(tˆ) − Kc| and the vortex number Nv and
then give their averaged values for each τQ.
In Fig. 3, we show the universal scaling of the aver-
aged bifurcation delay. As a signature of the impulse
regime resulted from the critical slowing down, the dy-
namic chiral current jc(t) keep unchanged in the dura-
tion of −tˆ < t < tˆ. Unlike the static case, jc(t) does not
decrease immediately after the critical point t = 0 but
starts to decrease after the impulse-adiabatic transition
at t = tˆ, see the inset of Fig. 3. In a single run, tˆ is numer-
ically determined by δjc =
∣∣(jc(tˆ)− jmaxc )/jmaxc ∣∣ = 0.005
with the maximum chiral current jmaxc , and the bifur-
cation delay is given as bd =
∣∣K(tˆ)−Kc∣∣ ∝ |ǫˆ|. Our
numerical results show that the averaged bifurcation de-
lay scales as bd =
∣∣K(tˆ)−Kc∣∣ ∼ τ−0.5026±0.0040Q , which
agrees with the analytical scaling bd ∝ |ǫˆ| ∼ τ−1/(1+zν)Q
with 1/ (1 + zν) = 1/2.
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FIG. 3: The universal scaling of the averaged bifurcation de-
lay bd. The error bars denote the standard deviation. Inset:
the chiral current jc versus K(t)/Kc for different τQ. All pa-
rameters are chosen as same as the ones for Fig. 1.
In Fig. 4, we show the universal scaling of the averaged
vortex number. In a single run, we count the number of
discrete vortices at a certain time tv after the impulse-
adiabatic transition at t = tˆ. As tˆ is defined as the time
where δjc = 0.005, we count the vortex numbers at differ-
ent tv where 0.005 ≤ δjc ≤ 0.02 and find similar scalings
of the averaged vortex numbers with respect to τQ. The
counting of vortex numbers is proceeded by analyzing
the current patterns. To minimize numerical errors, we
take the inter-leg current j⊥ to be zero if |j⊥/jmax⊥ | is less
than a threshold 0.01. We checked that the results are
unaffected for other reasonable thresholds between 0.001
and 0.05. Our numerical results show that the averaged
vortex numbers follows Nv ∼ τ−0.2510±0.0387Q , which is
consistent with the analytical scaling Nv ∼ τ−dν/(1+zν)Q
with dν/(1 + zν) = 1/4.
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N
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FIG. 4: The universal scaling of the averaged vortex number
Nv counted at the time where δjc = |(jc(t)− j
max
c )/j
max
c | =
0.005. The error bars denote the standard deviation. All
parameters are chosen as same as the ones for Fig.1.
Combining the scalings for the inverse critical velocity
v−1L , the averaged bifurcation delay bd and the averaged
vortex number Nv, one may determine the dimension
d and the critical exponents (z, ν). From the numeri-
cal results shown in Figs. 2(b), 3 and 4, we give the
dimension d = 1, the static correlation-length critical ex-
ponent ν = 1/2 and the dynamic critical exponent z = 2.
Actually, z = 2 is a direct result of the unique quartic
dispersion at the critical point. These critical exponents
are in the same universal class for the continuous phase
transitions, in which the dispersion continuously changes
from a single-well shape to a double-well one [15–25].
Summary and discussion. To summarize, we reveal
the universality of spontaneous superfluidity breakdown
within synthetic gauge fields. We find that the sponta-
neous superfluidity breakdown obeys the KZM and ex-
tract the critical exponents from the Landau critical ve-
locity and the critical spatial-temporal dynamics. The
5numerical scalings extracted from the critical spatial-
temporal dynamics well agree with the analytical Kibble-
Zurek scalings. Our study provide a general approach to
explore and understand the dynamic universality of con-
tinuous phase transitions involving continuous variation
from a single-well dispersion to a double-well one [15–
25]. As an experimental evidence, the critical spatial-
temporal dynamics of BECs in a shaken optical lat-
tice [21] share the same critical exponents (z = 2, ν =
1/2) for ours.
At last, we briefly discuss the experimental feasibil-
ity. Based upon the recent experiment [22], our system
can be realized and the considered phase transition can
be observed if the interaction is sufficiently strong. The
interaction strength can be enhanced via Feshbach reso-
nance [55] or tuning the transverse confinement [60]. To
drive the system across the considered phase transition,
one may gradually decrease the inter-leg potential barri-
ers via decreasing the laser intensity. The Kibble-Zurek
scalings can be extracted by counting the vortex number
and measuring the chiral current via the well-developed
high-resolution imaging [61, 62].
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